The connection between the Lie algebra of the Renormalized Higher Powers of White Noise (RHPWN) and the centerless Virasoro (or Witt)-Zamolodchikovw∞ Lie algebras of conformal field theory, as well as the associated Fock space construction, have recently been established in Ref. [1] [2] [3] [4] [5] [6] In this note we prove the linear independence of the RHPWN Lie algebra generators.
Introduction: Renormalized Higher Powers of White Noise
The quantum white noise functionals a † t and a t satisfy the Boson commutation relations
where t, s ∈ R and δ is the Dirac delta function, as well as the duality relation
Here (and in what follows) [x, y] := xy − yx is the usual operator commutator. For all t, s ∈ R and integers n, k, N, K ≥ 0 we have (Ref.
where for n, k ∈ {0, 1, 2, ...} we have used the notation n,k := 1 − δ n,k , where δ n,k is Kronecker's delta and
In order to consider the smeared fields defined by the higher powers of a t and a † t , for a test function f and n, k ∈ {0, 1, 2, ...} we define the sesquilinear form
with involution
In 1 and 2 we introduced the convolution type renormalization of the higher powers of the Dirac delta function
By multiplying both sides of (3) by test functions f (t) g(s) such that f (0) = g(0) = 0 and then formally integrating the resulting identity (i.e. taking . . . dsdt of both sides), using (6), we obtained the RHPWN Lie algebra commutation relations
As shown in 1 and, 2 for n, k ∈ Z with n ≥ 2, the white noise operatorŝ
satisfy the commutation relations of the second quantized VirasoroZamolodchikov-w ∞ Lie algebra (Ref.
In particular,
is the white noise form of the centerless Virasoro algebra generators.
We may analytically continue the parameter k in the definition ofB n k (f ) to an arbitrary complex number k ∈ C and to n ≥ 1 and we can show (Ref.
3 ) that the RHPWN and w ∞ Lie algebras are connected througĥ
and
For n ≥ 1 we define the n-th order RHPWN * -Lie algebras L n as follows: (i) L 1 is the * -Lie algebra generated by B x with x ≥ n − 1. Through white noise and norm compatibility considerations, the action of the RHPWN operators on Φ was defined in
In what follows, for all integers n, k we will use the notation B To avoid ghosts (i.e., vectors of negative norm) appearing in the cases n ≥ 3 in the Fock kernels (
and were able to show that for all k, n ≥ 1
Therefore, the F n inner product ψ n (f ), ψ n (g) n of the exponential vectors
where φ := i a i χ Ii is a test function, for n = 1 is
while for n ≥ 2 it is
where |f (t)| < 
where f := i a i χ Ii and g :
i.e., {x
i.e., for each n ≥ 2, {x n (t) := B n 0 (t) + B 0 n (t)} t≥0 is a continuous binomial/Beta process.
Linear independence of the RHPWN generators Lemma 2.1.
For all integers m ≥ 0
where we assume that the test functions f n are such that for all n ∈ {0, 1, ..., m}
Proof.
For m = 0,
and so (24) holds. Suppose that it holds for m = M . We will show that it is true for m = M + 1 also. So suppose that
where g is any test function such that
for all n, i.e.,
which is equivalent to
which, by the induction hypothesis, implies that
Taking the commutator of (47) 
